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Abstract 
In this paper, the performance of existing biased estimators (Ridge Estimator 
(RE), Almost Unbiased Ridge Estimator (AURE), Liu Estimator (LE), Almost 
Unbiased Liu Estimator (AULE), Principal Component Regression Estimator 
(PCRE), r-k class estimator and r-d class estimator) and the respective pre-
dictors were considered in a misspecified linear regression model when there 
exists multicollinearity among explanatory variables. A generalized form was 
used to compare these estimators and predictors in the mean square error 
sense. Further, theoretical findings were established using mean square error 
matrix and scalar mean square error. Finally, a numerical example and a 
Monte Carlo simulation study were done to illustrate the theoretical findings. 
The simulation study revealed that LE and RE outperform the other estima-
tors when weak multicollinearity exists, and RE, r-k class and r-d class esti-
mators outperform the other estimators when moderated and high multicol-
linearity exist for certain values of shrinkage parameters, respectively. The 
predictors based on the LE and RE are always superior to the other predictors 
for certain values of shrinkage parameters. 
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1. Introduction 

It is well known that the misspecification of the linear model is unavoidable in 
practical situations. Misspecification may occur due to including some irrelevant 
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explanatory variables or excluding some relevant explanatory variables. Exclud-
ing some relevant explanatory variables from a regression model causes these 
variables to become part of the error term. In this case the mean of error term of 
the model is not zero. Furthermore, the excluded variables may be correlated 
with the variables in the model. According to the assumptions of linear regres-
sion model, the error term of the model should be independently and identically 
normally distributed with mean zero and variance 2σ . Therefore, one or more 
assumptions of the linear regression model will be violated when the model is 
misspecified, and hence the estimators become biased and inconsistent.  

Further, it is well known that the ordinary least square estimator (OLSE) does 
not hold its desirable properties if multicollinearity exists among the explanatory 
variables in the regression model. To overcome this problem, biased estimators 
based on the sample model y X β ε= + , or by combining sample model with 
the exact or stochastic restrictions have been used in the literature. The motiva-
tion of this article is to examine the performance of the existing biased estima-
tors in the misspecified linear regression model when multicollinearity exists. 

Sarkar [1] examined the consequences of omission of some relevant explana-
tory variables from a linear regression model when multicollinearity exists 
among the explanatory variables. Recently, Şiray [2] and Wu [3] discussed the 
efficiency of r-d class estimator and r-k class estimator over some existing esti-
mators, respectively. Teräsvirta [4] was discussed the case of biased estimation 
with stochastic linear restrictions in the misspecified regression model due to in-
cluding an irrelevant variable with incorrectly specified prior information. Later, 
the efficiency of Mixed Regression Estimator (MRE) under misspecified regres-
sion model due to excluding relevant variable with correctly specified prior in-
formation was discussed by Mittelhmmer [5], Ohtani and Honda [6], Kadiyala 
[7] and Trenkler and Wijekoon [8]. Further, the superiority of MRE over the 
Ordinary Least Squares Estimator (OLSE) under the misspecified regression 
model with incorrectly specified sample and prior information was discussed by 
Wijekoon and Trenkler [9]. Hubert and Wijekoon [10] have considered the im-
provement of Liu estimator under a misspecified regression model with stochas-
tic restrictions. 

In this paper, the performance of existing biased estimators of the linear re-
gression model based on the sample information such as Principal Component 
Regression Estimator (PCRE) introduced by Massy [11], Ridge Estimator (RE) 
defined by Hoerl and Kennard [12], r-k class estimator proposed by Baye and 
Parker [13], Almost Unbiased Ridge Estimator (AURE) proposed by Singh et al. 
[14], Liu Estimator (LE) proposed by Liu [15], Almost Unbiased Liu Estimator 
(AULE) proposed by Akdeniz and Kaçiranla r[16], r-d class estimator proposed 
by Kaçıranlar and Sakallıoğlu [17] were examined under misspecified regression 
model without combining any prior information to the sample model. A genera-
lized form to represent all the above estimators was used for comparing these es-
timators and their respective predictors easily. 
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The rest of this article is organized as follows. The model specification and 
respective OLSE are written in section 2. In section 3, generalized form to 
represent the estimators under the misspecified regression model is proposed. In 
section 4, the Mean Square Error Matrix (MSEM) and Scalar Mean Square Error 
(SMSE) comparison between two generalized estimators and their respective 
predictors are considered. In section 5, the numerical example and Monte Carlo 
simulation are given to illustrate the theoretical results in SMSE criterion. Finally, 
some concluding remarks are stated in section 6. The references and Appendix 
are given at the end of the paper.  

2. Model specification  

Assume that the true regression model is given by 

1 1 2 2 1 1y X X Xβ β ε β δ ε= + + = + +                (2.1) 

where y  is the 1n×  vector of observations on the dependent variable, 1X  
and 2X  are the n l×  and n p×  matrices of observations on the m l p= +  
regressors, 1β  and 2β  are the 1l ×  and 1p×  vectors of unknown coeffi-
cients, ε  is the 1n×  vector of disturbances with mean vector zero 

( )( )0E ε =  and dispersion matrix 2Iσ  ( )( )2E Iεε σ′ = Ω = . 
Let us say that the researcher misspecifies the regression model by excluding 

p  regressors as  

1 1y X uβ= +                         (2.2) 

According to Singh et al. [14], by applying the spectral decomposition of the 
symmetric matrix 11X X′  (since 11X X′  is a positive definite matrix) we have

( )1 1 1diag , , lT X X T λ λ′ ′ = Λ =  , where ( )1 2, , , lT t t t=   is the orthogonal matrix 
and 0iλ >  being the ith eigenvalue of 11X X′ . Let ( )1 2, , ,r rT t t t=   be the re-
maining column of T  having deleted l r−  columns where r l≤ . Hence, 

( )1 1 1diag , ,r r r rT X X T λ λ′ ′ = Λ =  . 
Let 1Z X T=  and 1Tγ β′=  then models (2.1) and (2.2) can be written in 

canonical form as  
y Zγ δ ε= + +                        (2.3) 

y Z uγ= +                          (2.4) 

The OLS estimator of model (2.4) is given by 

( ) 1 1ˆ Z Z Z y Z yγ − −′ ′ ′= = Λ                    (2.5) 

Using (2.3), γ̂  can be written as  

( ) ( )1 1ˆ Z Z Zγ γ δ ε γ δ ε− −′ ′= Λ + + = + Λ +             (2.6) 

Hence, the expectation vector and the dispersion matrix of γ̂  are given by 

( ) 1ˆE Zγ γ δ− ′= + Λ                      (2.7) 

and  

( ) ( ) 12 2 1ˆD Z Zγ σ σ− −′= = Λ                  (2.8) 
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respectively. 

3. Modified Biased Estimators, Predictors  
and Its Generalized form 

To combat multicollinearity several researchers introduce different types of bi-
ased estimators in place of OLSE, and seven such estimators are RE, AURE, LE, 
ALUE, PCRE, r-k class estimator and r-d class estimator given bellow respec-
tively: 

( ) 1ˆ ˆ
k X X kI X Xβ β−′ ′= +                    (3.1) 

( )( )22ˆ ˆ
AURE I k X X kIβ β−′= − +                 (3.2) 

( ) ( )1ˆ ˆ
d X X I X X dIβ β−′ ′= + +                 (3.3) 

( ) ( )( )2 2ˆ ˆ1AULE I d X X Iβ β−′= − − +                (3.4) 

( ) 1ˆ
PCR r r r rT T X XT T X yβ −′ ′ ′ ′=                   (3.5) 

( ) 1ˆ
rk r r r r rT T X XT kI T X yβ −′ ′ ′ ′= +                  (3.6) 

( ) ( )( )1 1ˆ
rd r r r r r r r rT T X XT I I d T X XT T X yβ − −′ ′ ′ ′ ′ ′= + +          (3.7) 

where [ ]1 2X X X= , 0k > , 0 1d< <  and β̂  is the OLS estimator of the 
model (2.1). 

Further, Xu and Yang [18] showed that Equations (3.5)-(3.7) could be rewrit-
ten as 

ˆ ˆ
PCR r rT Tβ β′=                         (3.8) 

( ) 1ˆ ˆ
rk rrT T X X kI X Xβ β−′ ′ ′= +                   (3.9) 

( ) ( )1ˆ ˆ
rd rrT T X X I X X dIβ β−′ ′ ′= + +               (3.10) 

In the case of misspecification, the RE, AURE, LE, AULE, PCRE, r-k class es-
timator and r-d class estimator for the model (2.4) can be written as 

( ) ( )1 1ˆ ˆ ˆ ˆk kZ Z kI Z Z kI Aγ γ γ γ− −′ ′= + = Λ + Λ =           (3.11) 

( )( ) ( )( )2 22 2 *ˆ ˆ ˆ ˆAURE kI k Z Z kI I k kI Aγ γ γ γ− −′= − + = − Λ + =     (3.12) 

( ) ( ) ( ) ( )1 1ˆ ˆ ˆ ˆd dZ Z I Z Z dI I dI Fγ γ γ γ− −′ ′= + + = Λ + Λ + =      (3.13) 

( ) ( )( ) ( ) ( )( )2 2 2 2 *ˆ ˆ ˆ ˆ1 1AULE dI d ZZ I I d I Fγ γ γ γ− −′= − − + = − − Λ + =     (3.14) 

ˆ ˆ ˆPCR r rrT T Wγ γ γ′= =                     (3.15) 

( ) 1ˆ ˆ ˆrk r rkrT T kI Wγ γ γ−′= Λ + Λ =                 (3.16) 

( ) ( )1ˆ ˆ ˆrrd r rdT T I dI Wγ γ γ−′= Λ + Λ + =              (3.17) 

respectively. 
where ( ) 1

kA kI −= Λ + Λ , ( )( )2* 2
kA I k kI −= − Λ + , ( ) ( )1

dF I dI−= Λ + Λ + ,
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( ) ( )( )2 2* 1dF I d I −= − − Λ + , r r rW T T ′= , ( ) 1
rrk rW T T kI −′= Λ + Λ  and 

( ) ( )1
rrd rW T T I dI−′= Λ + Λ + . 

It is clear that kA  and dF  are positive definite, and rW , rkW  and rdW  
are non-negative definite.  

Now consider 
( )( ) ( ) ( )( )

( ) ( )

2 2 2* 2 2

2 2 0

kA I k kI kI kI k

kI kI

− −

−

= − Λ + = Λ + Λ + −

= Λ + Λ Λ + >
 

and 
( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

2 2 2 2 2*

2

1 1

2 0; 0 1

dF I d I I I d I

I dI d I d

− −

−

= − − Λ + = Λ + Λ + − −

= Λ + Λ + Λ + − > < <
 

Hence, *
kA  and *

dF  are also positive definite. 
Since RE, AURE, LE, AULE, PCRE, r-k class estimator and r-d class estimator 

are based on γ̂  so we can use the following generalized form:  

( ) ( )ˆ ˆj jGγ γ=                        (3.18) 

where ( )jG  is positive definite matrix if it stands for kA , *
kA , dF  and *

dF , 
and it is non-negative definite matrix if it stands for ,r rkW W  and rdW . 

The expectation vector, bias vector, dispersion matrix and the mean square 
error matrix can be calculated with 

( )( ) ( ) ( ) ( ) ( )1ˆ ˆj j jE G E G Zγ γ γ δ− ′= = + Λ  

( )( ) ( )( ) ( ) ( )
( )( ) ( )

1

1

ˆ ˆj j j

j j

Bias E G Z

G I G Z

γ γ γ γ δ γ

γ δ

−

−

′= − = + Λ −

′= − + Λ
        

 (3.19) 

( )( ) ( ) ( ) ( ) ( ) ( )
2 1ˆ ˆj j j j jD G D G G Gγ γ σ −′ ′= = Λ             (3.20) 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )2 1 1 1

ˆ ˆ ˆ ˆ ˆ ˆj j j j j j

j j j j j j

MSEM E D Bias Bias

G G G I G Z G I G Z

γ γ γ γ γ γ γ γ

σ γ δ γ δ− − −

′ ′= − − = +

′
′ ′ ′= Λ + − + Λ − + Λ

  (3.21) 

Based on 3.19 to 3.21, the respective expectation vector, bias vector and dis-
persion matrix of the RE, AURE, LE, AULE, PCR, r-k class estimator and r-d 
class estimator can easily be obtained and given in Table A1 in the Appendix. 

By using the approach of Kadiyala [7], and Equations ((2.3) and (2.4)), the 
generalized prediction function can be defined as follows: 

0y Zγ δ= +                        (3.22) 

( ) ( )ˆˆ j jy Zγ=
                      

 (3.23) 

where 0y  is the actual value and ( )ˆ jy  is the corresponding predictor value. 
The MSEM of the generalized predictor is given by 

( )( ) ( )( ) ( )( )

( )( )( ) ( )( )( ) ( )( )( )
0 0ˆ ˆ ˆ

ˆ ˆ ˆ

j j j

j j j

MSEM y E y y y y

Z MSEM Z Z Bias Bias Zγ γ δ δ γ δδ

′= − −

′′ ′ ′ ′= − − +

   (3.24) 

Note that the predictors based on the OLSE, RE, AURE, LE, AULE, PCRE, r-k 
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class estimator and r-d class estimator are denoted by  
ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , , , ,k AURE d AULE PCR rky y y y y y y  and ˆrdy  respectively. 

4. Mean Square Error Comparisons  
4.1. Mean Square Error Matrix (MSEM) Comparison  

of Generalized Estimators 

If two generalized biased estimators ( )ˆ iγ  and ( )ˆ jγ  are given, the estimator 

( )ˆ jγ  is said to be superior to ( )ˆ iγ  with respect to MSEM sense if and only if 

( )( ) ( )( )ˆ ˆ 0i jMSEM MSEMγ γ− ≥ . 
Let us consider 

( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( )
( ) ( ) ( ) ( )

1 1

1 1

2 1 2 1

ˆ ˆi j

i i i i

j j j j

i i j j

MSEM MSEM

G I G Z G I G Z

G I G Z G I G Z

G G G G

γ γ

γ δ γ δ

γ δ γ δ

σ σ

− −

− −

− −

−

′
′ ′= − + Λ − + Λ

′
′ ′− − + Λ − + Λ

′ ′+ Λ − Λ

 

Now let ( ) ( ) ( ) ( ) ( )( )2 1 1
,i j i i j jD G G G Gσ − −′ ′= Λ − Λ , ( ) ( )( ) ( )( )1

i i ib G I G Zγ δ− ′= − + Λ , 

( ) ( )( ) ( )( )1
j j jb G I G Zγ δ− ′= − + Λ , then the above difference can be written as 

( ) ( )( ) ( )( ) ( ) ( ) ( ) ( ) ( ), ,ˆ ˆΔ i j i j i j i i j jMSEM MSEM D b b b bγ γ ′ ′= − = + −
      

(4.1) 

The following theorem can be stated for superiority of ( )ˆ jγ  over ( )ˆ iγ  with 
respect to the MSEM criterion. 

Theorem 1: If ( )iG  is positive definite, ( )ˆ jγ  is superior to ( )ˆ iγ  in MSEM 
sense when the regression model is misspecified due to excluding relevant va-
riables if and only if * 1λ <  and ( ) ( ) ( ) ( )( ) ( )

1

, 1j i j i i jb D b b b
−

′ ′+ ≤ , where *λ  is the 
largest eigenvalue of ( ) ( )( ) ( ) ( )( ) 11 1

j j i iG G G G
−

− −′ ′Λ Λ ,  

( ) ( ) ( ) ( ) ( )( )2 1 1
,i j i i j jD G G G Gσ − −′ ′= Λ − Λ , ( ) ( )( ) ( )( )1

i i ib G I G Zγ δ− ′= − + Λ  and 

( ) ( )( ) ( )( )1
j j jb G I G Zγ δ− ′= − + Λ . 
Proof: Assume that ( )iG  is positive definite, which implies ( ) ( )

1 0i iG G− ′Λ > .  
Due to Lemma 3 (see Appendix), ( ) ( ) ( ) ( )

1 1
i i j jG G G G− −′ ′Λ > Λ  if * 1λ < , where 

*λ  is the largest eigenvalue of ( ) ( )( ) ( ) ( )( ) 11 1
j j i iG G G G

−
− −′ ′Λ Λ . 

Hence, according to Lemma 2 (see Appendix), ( ),Δ i j  is non-negative if and 
only if ( ) ( ) ( ) ( )( ) ( )

1

, 1j i j i i jb D b b b
−

′ ′+ ≤ , which completes the proof. 

4.2. Scalar Mean Square Error (SMSE) Comparison of Generalized 
Estimators 

If two generalized biased estimators ( )ˆ iγ  and ( )ˆ jγ  are given, the estimator ( )ˆ jγ  
is said to be superior to ( )ˆ iγ  with respect to SMSE sense if and only if 

( )( ) ( )( )ˆ ˆ 0i jSMSE SMSEγ γ− > . 
The following theorem can be stated for superiority of ( )ˆ jγ  over ( )ˆ iγ  with 
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respect to the SMSE criterion. 
Theorem 2: ( )ˆ jγ  is superior to ( )ˆ iγ  when the regression model is misspeci-

fied due to excluding relevant variable with respect to SMSE sense if and only if 

( ) ( ) ( ) ( )( )
( )( ),

1
j j i i

i j

tr b b b b

tr D

′ ′−
<  

where ( ) ( ) ( ) ( ) ( )( )2 1 1
,i j i i j jD G G G Gσ − −′ ′= Λ − Λ , ( ) ( )( ) ( )( )1

i i ib G I G Zγ δ− ′= − + Λ  and 

( ) ( )( ) ( )( )1
j j jb G I G Zγ δ− ′= − + Λ . 

Proof: Let us consider  

( )( ) ( )( ) ( )( ) ( )( )( )ˆ ˆ ˆ ˆi j i jSMSE SMSE tr MSEM MSEMγ γ γ γ− = −  

Using (4.1) we can write 

( )( ) ( )( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ), ,ˆ ˆ Δi j i j i j i i j jSMSE SMSE tr tr D b b b bγ γ ′ ′− = = + −  

Then ( )ˆ jγ  is superior to ( )ˆ iγ  if ( )( ) ( )( )ˆ ˆ 0i jSMSE SMSEγ γ− > . 

( )( ) ( )( )ˆ ˆ 0i jSMSE SMSEγ γ− >  if and only if  

( ) ( ) ( ) ( ) ( )( ), 0i j i i j jtr D b b b b′ ′+ − >  

( )( ) ( ) ( ) ( ) ( )( ),i j j j i itr D tr b b b b′ ′> −  

( ) ( ) ( ) ( )( )
( )( ),

1
j j i i

i j

tr b b b b

tr D

′ ′−
>  

which completes the proof. 

4.3. Mean Square Error Matrix (MSEM) Comparison  
of Generalized Predictors 

If two generalized predictors ( )ˆ iy  and ( )ˆ jy  are given, the estimator ( )ˆ jy  is 
said to be superior to ( )ˆ iy

 
with respect to MSEM sense if and only if 

( )( ) ( )( )ˆ ˆ 0i jMSEM y MSEM y− ≥ . 
Let us consider 

( )( ) ( )( )
( )( ) ( )( )( ) ( )( ) ( )( )( )

( )( ) ( )( )( )

ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ

i j

i j i j

i j

MSEM y MSEM y

Z MSEM MSEM Z Z Bias Bias

Bias Bias Z

γ γ γ γ δ

δ γ γ

−

′ ′= − − −

′ ′− −

 

The following theorem can be stated for superiority of ( )ˆ jy  over ( )ˆ iy  with 
respect to the MSEM criterion. 

Theorem 3: ( )ˆ jy  is superior to ( )ˆ jy  in MSEM sense when the regression 
model is misspecified due to excluding relevant variables if and only if 0A ≥ , 

( )Aθ ∈ℜ  and 1 1Aθ θ−′ ≤ , where  

( ) ( ) ( )( ) ( ) ( )( ),Δ i j i j i jA Z Z Z b b b b Zδδ ′′ ′ ′= + + − − , ( ) ( )( )i jZ b bθ δ= + − , ( )Aℜ  
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stands for column space of A  and 1A−  is an independent choice of g-inverse 
of A . 

Proof: Using (4.1) MSEM difference of the two generalized predictor can be 
written as 

( )( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )( ),ˆ ˆ Δi j i j i j i jMSEM y MSEM y Z Z Z b b b b Zδ δ ′′ ′ ′− = − − − −  (4.2) 

After some straight forward calculation, equation (5.1) can be written as 

( )( ) ( )( )ˆ ˆi jMSEM y MSEM y A θθ ′− = −  

where ( ) ( ) ( )( ) ( ) ( )( ),Δ i j i j i jA Z Z Z b b b b Zδδ ′′ ′ ′= + + − − , ( ) ( )( )i jZ b bθ δ= + −  
and ( ) ( ) ( ) ( ) ( ) ( ), ,Δ i j i j i i j jD b b b b′ ′= + − .  

Due to Lemma 1 (see Appendix), ( )( ) ( )( )ˆ ˆi jMSEM y MSEM y−  is 
non-negative definite matrix if and only if 0A ≥ , ( )Aθ ∈ℜ  and 1 1Aθ θ−′ ≤ , 
where ( ) ( ) ( )( ) ( ) ( )( ),Δ i j i j i jA Z Z Z b b b b Zδδ ′′ ′ ′= + + − − , ( ) ( )( )i jZ b bθ δ= + − , 
( )Aℜ  stands for column space of A  and 1A−  is an independent choice of 

g-inverse of A , which completes the proof. 
Note that, obviously the conditions derived under Theorem 1 are sufficient for 

0A ≥ . Consequently we may say that there are situations where ( )ˆ jy  is supe-
rior to ( )ˆ iy  in MMSE sense. 

4.4. Scalar Mean Square Error (SMSE) Comparison  
of Generalized Predictors 

Using (4.2) SMSE difference of the two generalized predictor can be written as  

( )( ) ( )( ) ( )( ) ( )( )( )
( ) ( ) ( )( ) ( ) ( )( ),

ˆ ˆ ˆ ˆ

Δ

i j i j

i j i j i j

SMSE y SMSE y tr MSEM y MSEM y

tr Z Z Z b b b b Zδ δ

− = −

 ′′ ′ ′= − − − − 
 

 

The following theorem can be stated for superiority of ( )ˆ jy  over ( )ˆ iy  with 
respect to the SMSE criterion. 

Theorem 4: ( )ˆ jy  is superior to ( )ˆ iy  in SMSE sense when the regression 
model is misspecified due to excluding relevant variables if and only if  

( ) ( )( ) ( ) ( )( )
( )( ),

1.
Δ

i j i j

i j

tr Z b b b b Z

tr Z Z

δ δ
 ′′ ′− + − 
  <

′
 

Proof: ( )ˆ jy  is superior to ( )ˆ iy  if ( )( ) ( )( )ˆ ˆ 0i jSMSE y SMSE y− > . 

( )( ) ( )( )ˆ ˆ 0i jSMSE y SMSE y− >  if and only if  

( ) ( ) ( )( ) ( ) ( )( ),Δ 0i j i j i jtr Z Z Z b b b b Zδ δ
 ′′ ′ ′− − − − > 
 

 

( )( ) ( ) ( )( ) ( ) ( )( ),Δ i j i j i jtr Z Z tr Z b b b b Zδ δ
 ′′ ′ ′> − + − 
 

 

( ) ( )( ) ( ) ( )( )
( )( ),

1
Δ

i j i j

i j

tr Z b b b b Z

tr Z Z

δ δ
 ′′ ′− + − 
 >

′
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which completes the proof.  
Based on Theorem 1, Theorem 2, Theorem 3 and Theorem 4 we can obtain 

the corresponding results for each of the biased estimators and respective pre-
dictors by plugging the values for ( )iG , ( )jG , ( ),i jD , ( )ib  and ( )jb . The results 
are summarized in Tables A2-A6 in the Appendix. 

5. Illustration of Theoretical Results 
5.1. Numerical Example 

To illustrate our theoretical results, we consider a dataset which gives total Na-
tional Research and Development Expenditures—as a Percent of Gross National 
Product by Country: 1972-1986. It represents the relationship between the de-
pendent variable Y  the percentage spent by the United States and the four 
other independent variables 1X , 2X , 3X  and 4X . The variable 1X  
represents the percent spent by former Soviet Union, 2X  that spent by France, 

3X  that spent by West Germany, and 4X  that spent by the Japan. The data 
was discussed in Gruber [19], and the data has been analysed by Akdeniz and 
Erol [20], Li and Yang [21] and among others. Now we assemble the data as fol-
lows:  

1 1.9 2.2 1.9 3.7
1 1.8 2.2 2.0 3.8
1 1.8 2.4 2.1 3.6
1 1.8 2.4 2.2 3.8
1 2.0 2.5 2.3 3.8
1 2.0 2.6 2.4 3.7
1 2.1 2.6 2.6 3.8
1 2.2 2.6 2.6 4.0
1 2.3 2.8 2.8 3.7
1 2.3 2.7 2.8 3.8

X

 
 
 
 
 
 
 
 =
 
 
 
 
 
 
 
 

, 

2.3
2.2
2.2
2.3
2.4
2.5
2.6
2.6
2.7
2.7

y

 
 
 
 
 
 
 
 =
 
 
 
 
 
 
 
 

 

Note that the eigenvalues of the X X′  are 312.932, 0.754, 0.045, 0.037, 0.002, 
the condition number is 299 and Variance Inflation Factor (VIF) values are 6.91, 
21.58, 29.75, 1.79. Since condition number is greater than 100 and first three VIF 
values are greater than 5, which implies the existence of serious multicollinearity 
in the data set. 

After the standardization of the data, the corresponding OLS estimator is  

( ) ( )1 0.6402, 0.1179,0.4733,0.0139sss ssb X X X yβ − ′′ ′= = = −  

For the standardized data (since there are ten observations and four parame-
ters), we obtain 

( ) ( )2ˆ 0.003932
10 4

s s s s s s
s

y X b y X b
σ

′− −
= =

−
 

Table 1 shows the estimated SMSE values of OLSE, RE, AURE, LE, AULE, 
PCRE, r-k class estimator and r-d class estimator for the regression model when 
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( ) ( ), 4,0l p = , ( ) ( ), 3,1l p = , and ( ) ( ), 2, 2l p =  with respect to shrinkage pa-
rameters (k/d), where l  denotes the number of variable in the model and p 
denotes the number of misspecified variables. 

Table 2 shows the estimated SMSE values of the predictor of OLSE, RE, AURE, 
LE, AULE, PCRE, r-k class estimator and r-d class estimator for the regression 

 
Table 1. Estimated SMSE values of the estimators. 

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( )4, ,0l p =  
         

( )ˆSMSE γ  0.2361 0.2361 0.2361 0.2361 0.2361 0.2361 0.2361 0.2361 0.2361 

( )ˆkSMSE γ  0.1535 0.1991 0.2275 0.2471 0.2618 0.2735 0.2832 0.2917 0.2992 

( )ˆAURESMSE γ  0.1166 0.1446 0.1707 0.1915 0.2078 0.2209 0.2316 0.2404 0.2479 

( )ˆdSMSE γ  0.2521 0.2087 0.1756 0.1530 0.1408 0.1390 0.1476 0.1667 0.1962 

( )ˆAULESMSE γ  0.1812 0.1434 0.1319 0.1383 0.1557 0.1782 0.2007 0.2194 0.2318 

( )ˆPCRSMSE γ  0.3605 0.3605 0.3605 0.3605 0.3605 0.3605 0.3605 0.3605 0.3605 

( )ˆrkSMSE γ  0.2788 0.3091 0.3259 0.3368 0.3447 0.3510 0.3563 0.3609 0.3652 

( )ˆrdSMSE γ  0.3309 0.3009 0.2793 0.2660 0.2610 0.2643 0.2759 0.2958 0.3240 

( ) ( ), 3,1l p =  
         

( )ˆSMSE γ  0.1597 0.1597 0.1597 0.1597 0.1597 0.1597 0.1597 0.1597 0.1597 

( )ˆkSMSE γ  0.1117 0.1618 0.1952 0.2186 0.2363 0.2503 0.2621 0.2721 0.2810 

( )ˆAURESMSE γ  0.0769 0.1004 0.1282 0.1517 0.1709 0.1865 0.1994 0.2102 0.2194 

( )ˆdSMSE γ  0.2341 0.1886 0.1523 0.1254 0.1078 0.0995 0.1006 0.1109 0.1306 

( )ˆAULESMSE γ  0.1548 0.1136 0.0959 0.0946 0.1038 0.1183 0.1340 0.1475 0.1565 

( )ˆPCRSMSE γ  0.0787 0.0787 0.0787 0.0787 0.0787 0.0787 0.0787 0.0787 0.0787 

( )ˆrkSMSE γ  0.1082 0.1645 0.1998 0.2241 0.2422 0.2565 0.2683 0.2785 0.2875 

( )ˆrdSMSE γ  0.2392 0.1906 0.1497 0.1165 0.0910 0.0731 0.0630 0.0605 0.0658 

( ) ( ), 2,2l p =  
         

( )ˆSMSE γ  0.1603 0.1603 0.1603 0.1603 0.1603 0.1603 0.1603 0.1603 0.1603 

( )ˆkSMSE γ  0.1952 0.2220 0.2355 0.2423 0.2459 0.2479 0.2491 0.2500 0.2508 

( )ˆAURESMSE γ  0.1737 0.2005 0.2234 0.2400 0.2516 0.2595 0.2647 0.2680 0.2699 

( )ˆdSMSE γ  0.2206 0.1944 0.1731 0.1567 0.1451 0.1384 0.1366 0.1396 0.1475 

( )ˆAULESMSE γ  0.2260 0.1953 0.1756 0.1643 0.1588 0.1571 0.1575 0.1587 0.1598 

( )ˆPCRSMSE γ  0.5230 0.5230 0.5230 0.5230 0.5230 0.5230 0.5230 0.5230 0.5230 

( )ˆrkSMSE γ  0.5992 0.6228 0.6276 0.6249 0.6189 0.6116 0.6038 0.5960 0.5884 

( )ˆrdSMSE γ  0.5730 0.5654 0.5584 0.5518 0.5457 0.5402 0.5351 0.5306 0.5266 

From Table 1, it can be observed that the minimum SMSE of the estimators depends on the values of 
shrinkage parameters and the level of misspecification, which is agreed with our theoretical findings.  
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Table 2. Estimated SMSE values of the predictors. 

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( )4, ,0l p =  
         

( )ˆSMSE y  0.0157 0.0157 0.0157 0.0157 0.0157 0.0157 0.0157 0.0157 0.0157 

( )ˆkSMSE y  0.0158 0.0217 0.0278 0.0344 0.0417 0.0494 0.0576 0.0662 0.0751 

( )ˆAURESMSE y  0.0129 0.0146 0.0165 0.0182 0.0197 0.0210 0.0222 0.0235 0.0249 

( )ˆdSMSE y  0.0694 0.0562 0.0449 0.0354 0.0276 0.0217 0.0175 0.0151 0.0145 

( )ˆAULESMSE y  0.0201 0.0162 0.0141 0.0133 0.0133 0.0138 0.0145 0.0151 0.0156 

( )ˆPCRSMSE y  0.0885 0.0885 0.0885 0.0885 0.0885 0.0885 0.0885 0.0885 0.0885 

( )ˆrkSMSE y  0.0584 0.0543 0.0560 0.0603 0.0660 0.0727 0.0801 0.0881 0.0966 

( )ˆrdSMSE y  0.0965 0.0893 0.0837 0.0797 0.0772 0.0763 0.0770 0.0792 0.0831 

( ) ( ), 3,1l p =  
         

( )ˆSMSE y  0.0119 0.0119 0.0119 0.0119 0.0119 0.0119 0.0119 0.0119 0.0119 

( )ˆkSMSE y  0.0143 0.0221 0.0298 0.0377 0.0459 0.0545 0.0635 0.0728 0.0823 

( )ˆAURESMSE y  0.0097 0.0122 0.0151 0.0176 0.0199 0.0218 0.0237 0.0255 0.0274 

( )ˆdSMSE y  0.0753 0.0605 0.0477 0.0368 0.0278 0.0207 0.0156 0.0124 0.0112 

( )ˆAULESMSE y  0.0211 0.0158 0.0125 0.0109 0.0103 0.0104 0.0109 0.0114 0.0118 

( )ˆPCRSMSE y  0.0232 0.0232 0.0232 0.0232 0.0232 0.0232 0.0232 0.0232 0.0232 

( )ˆrkSMSE y  0.0148 0.0233 0.0323 0.0416 0.0512 0.0611 0.0713 0.0817 0.0922 

( )ˆrdSMSE y  0.0858 0.0709 0.0579 0.0469 0.0380 0.0310 0.0260 0.0231 0.0222 

( ) ( ), 2,2l p =  
         

( )ˆSMSE y  0.0210 0.0210 0.0210 0.0210 0.0210 0.0210 0.0210 0.0210 0.0210 

( )ˆkSMSE y  0.0249 0.0343 0.0454 0.0579 0.0713 0.0855 0.1002 0.1151 0.1301 

( )ˆAURESMSE y  0.0204 0.0220 0.0241 0.0263 0.0285 0.0309 0.0337 0.0367 0.0401 

( )ˆdSMSE y  0.1207 0.0989 0.0798 0.0633 0.0496 0.0385 0.0301 0.0244 0.0213 

( )ˆAULESMSE y  0.0349 0.0287 0.0246 0.0222 0.0210 0.0206 0.0205 0.0207 0.0209 

( )ˆPCRSMSE y  0.6863 0.6863 0.6863 0.6863 0.6863 0.6863 0.6863 0.6863 0.6863 

( )ˆrkSMSE y  0.5148 0.4774 0.4692 0.4713 0.4780 0.4869 0.4968 0.5072 0.5176 

( )ˆrdSMSE y  0.5416 0.5557 0.5702 0.5853 0.6009 0.6169 0.6335 0.6506 0.6682 

According to Table 2, it can be observed that the predictors behave differently than the respective estima-
tors, which is also agreed with our theoretical findings. 

 
model when ( ) ( ), 4,0l p = , ( ) ( ), 3,1l p = , and ( ) ( ), 2, 2l p =  for some selected 
shrinkage parameters (k/d). For simplicity we choose shrinkage parameter val-
ues k and d in the range (0, 1). 

5.2. Monte Carlo Simulation Study 

For further clarification, a Monte Carlo simulation study is done under different 
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levels of misspecification using R 3.2.5. Following McDonald and Galarneau [22], 
we can get explanatory variables as follows: 

( )1 22
, 11 ; 1, 2, , ; 1, 2, , .ij ij i px z z i n j mρ ρ += − + = =   

where ijz  is an independent standard normal pseudo random number, and ρ  
is specified so that the theoretical correlation between any two explanatory va-
riables is given by 2ρ . A dependent variable is generated by using the equation 

1 1 2 2 3 3 4 4 5 5 ; 1, 2, , .i i i i i i iy x x x x x i nβ β β β β ε= + + + + + =   

where iε  is a normal pseudo random number with mean zero and variance one. 
In this study, we choose ( )1 2 3 4 5, , , ,β β β β β β=  as the normalized eigenvector 
corresponding to the largest eigenvalue of X X′  for which 1β β′ = . We con-
sider the following set up to investigate the effects of different degrees of multi-
collinearity on the estimators: 

0.9ρ = , condition number = 6.06 and VIF = (4.84, 4.83, 4.82, 4.81, 4.87) 
0.99ρ = , condition number = 20.12 and VIF = (46.09, 46.12, 46.02, 45.97, 46.56) 
0.999ρ = , condition number = 64 and VIF = (458.3, 459.2, 458.1, 457.8, 463.4) 

Three different sets of observations are considered by selecting ( ) ( ), 5,0l p = , 
( ) ( ), 4,1l p =  and ( ) ( ), 3, 2l p =  when 50n = , where l  denotes the number 
of variable in the model and p denotes the number of misspecified variables. For 
simplicity, we select values k and d in the range ( )0,1 . 

The simulation is repeated 2000 times by generating new pseudo random 
numbers and the simulated SMSE values of the estimators and predictors are 
obtained using the following equations: 

( )( ) ( )( )( )2000

1

1ˆ ˆ
2000j r j r

r
SMSE tr MSEMγ γ

=

= ∑  

and ( )( ) ( )( )( )2000

1

1ˆ ˆ
2000j r j r

r
SMSE y tr MSEM y

=

= ∑  respectively.  

Tables 3-5 are showing the estimated SMSE values of the estimators for the 
regression model when ( ) ( ), 5,0l p = , ( ) ( ), 4,1l p =  and ( ) ( ), 3, 2l p = , and 

0.9ρ = , 0.99ρ =  and 0.999ρ =  for the selected values of shrinkage para-
meters (k/d), respectively. Tables 6-8 are showing the corresponding estimated 
SMSE values of the predictors for the regression model, respectively.  

From Tables 3-8, we can summarise the results as shown in Table 9. 

6. Conclusions 

In this study, a common form of superiority conditions were obtained for com-
parison among the biased estimators (RE, AURE, LE, AULE, PCRE, r-k class es-
timator and r-d class estimator) and their predictors by using a generalized form 
for the misspecified linear regression model when explanatory variables are mul-
ticollinearity. Furthermore, the theoretical findings were analyzed by using a 
numerical example and a Monte Carlo simulation study.  

The simulation study shows that the LE and RE outperform the other estima-
tors when weak multicollinearity exist, and RE, r-k class and r-d class estimators  
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Table 3. Estimated SMSE values of the estimators when 50n =  and 0.9.ρ =  

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( ), 5,0l p =  
         

( )ˆSMSE γ  0.5428 0.5428 0.5428 0.5428 0.5428 0.5428 0.5428 0.5428 0.5428 

( )ˆkSMSE γ  0.5287 0.5151 0.5022 0.4898 0.4779 0.4664 0.4554 0.4449 0.4347 

( )ˆAURESMSE γ  0.5426 0.5420 0.5410 0.5397 0.5382 0.5364 0.5343 0.5320 0.5296 

( )ˆdSMSE γ  0.4360 0.4472 0.4586 0.4702 0.4819 0.4937 0.5058 0.5179 0.5303 

( )ˆAULESMSE γ  0.5299 0.5326 0.5350 0.5370 0.5388 0.5402 0.5414 0.5422 0.5426 

( )ˆPCRSMSE γ  0.6275 0.6275 0.6275 0.6275 0.6275 0.6275 0.6275 0.6275 0.6275 

( )ˆrkSMSE γ  0.6163 0.6055 0.5952 0.5853 0.5758 0.5667 0.5580 0.5496 0.5415 

( )ˆrdSMSE γ  0.5425 0.5514 0.5605 0.5697 0.5790 0.5885 0.5980 0.6077 0.6176 

( ) ( ), 4,1l p =  
         

( )ˆSMSE γ  0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 

( )ˆkSMSE γ  0.4519 0.4417 0.4319 0.4225 0.4135 0.4047 0.3963 0.3882 0.3804 

( )ˆAURESMSE γ  0.4623 0.4619 0.4612 0.4603 0.4593 0.4580 0.4566 0.4550 0.4533 

( )ˆdSMSE γ  0.3813 0.3899 0.3985 0.4073 0.4162 0.4253 0.4344 0.4436 0.4530 

( )ˆAULESMSE γ  0.4535 0.4554 0.4570 0.4584 0.4597 0.4607 0.4614 0.4620 0.4623 

( )ˆPCRSMSE γ  0.5418 0.5418 0.5418 0.5418 0.5418 0.5418 0.5418 0.5418 0.5418 

( )ˆrkSMSE γ  0.5339 0.5263 0.5190 0.5120 0.5052 0.4987 0.4924 0.4864 0.4805 

( )ˆrdSMSE γ  0.4812 0.4876 0.4941 0.5006 0.5073 0.5140 0.5208 0.5278 0.5347 

( ) ( ), 3,2l p =  
         

( )ˆSMSE γ  0.5270 0.5270 0.5270 0.5270 0.5270 0.5270 0.5270 0.5270 0.5270 

( )ˆkSMSE γ  0.5191 0.5115 0.5042 0.4971 0.4902 0.4836 0.4771 0.4709 0.4648 

( )ˆAURESMSE γ  0.5269 0.5266 0.5262 0.5256 0.5249 0.5241 0.5232 0.5222 0.5211 

( )ˆdSMSE γ  0.4654 0.4719 0.4786 0.4853 0.4920 0.4989 0.5058 0.5128 0.5198 

( )ˆAULESMSE γ  0.5212 0.5224 0.5235 0.5244 0.5252 0.5258 0.5263 0.5267 0.5269 

( )ˆPCRSMSE γ  0.5512 0.5512 0.5512 0.5512 0.5512 0.5512 0.5512 0.5512 0.5512 

( )ˆrkSMSE γ  0.5460 0.5409 0.5361 0.5313 0.5267 0.5223 0.5180 0.5138 0.5097 

( )ˆrdSMSE γ  0.5101 0.5145 0.5189 0.5234 0.5279 0.5325 0.5371 0.5418 0.5465 

According to Table 3, it can be observed that, ˆdγ  is superior over other estimators when 0.4k ≤  and 

ˆkγ  is superior over other estimators when 0.4k >  under diferent levels of misspecifications for the 

weak multicollinearity. 
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Table 4. Estimated SMSE values of the estimators when 50n =  and 0.99.ρ =  

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( ), 5,0l p =  
         

( )ˆSMSE γ  5.1306 5.1306 5.1306 5.1306 5.1306 5.1306 5.1306 5.1306 5.1306 

( )ˆkSMSE γ  4.0493 3.2968 2.7464 2.3290 2.0036 1.7442 1.5336 1.3600 1.2151 

( )ˆAURESMSE γ  4.9910 4.7019 4.3686 4.0354 3.7205 3.4304 3.1666 2.9280 2.7128 

( )ˆdSMSE γ  1.3556 1.6498 1.9754 2.3322 2.7203 3.1398 3.5905 4.0726 4.5859 

( )ˆAULESMSE γ  2.9352 3.3395 3.7211 4.0708 4.3803 4.6430 4.8530 5.0062 5.0993 

( )ˆPCRSMSE γ  4.2864 4.2864 4.2864 4.2864 4.2864 4.2864 4.2864 4.2864 4.2864 

( )ˆrkSMSE γ  3.4256 2.8262 2.3875 2.0548 1.7953 1.5883 1.4203 1.2818 1.1662 

( )ˆrdSMSE γ  1.2781 1.5127 1.7722 2.0566 2.3659 2.7002 3.0594 3.4435 3.8525 

( ) ( ), 4,1l p =  
         

( )ˆSMSE γ  3.8199 3.8199 3.8199 3.8199 3.8199 3.8199 3.8199 3.8199 3.8199 

( )ˆkSMSE γ  3.0552 2.5124 2.1103 1.8025 1.5609 1.3674 1.2096 1.0791 0.9699 

( )ˆAURESMSE γ  3.7270 3.5296 3.2971 3.0609 2.8347 2.6244 2.4316 2.2562 2.0972 

( )ˆdSMSE γ  1.0719 1.2886 1.5275 1.7885 2.0716 2.3770 2.7045 3.0541 3.4259 

( )ˆAULESMSE γ  2.2541 2.5448 2.8180 3.0674 3.2877 3.4743 3.6233 3.7318 3.7977 

( )ˆPCRSMSE γ  3.0508 3.0508 3.0508 3.0508 3.0508 3.0508 3.0508 3.0508 3.0508 

( )ˆrkSMSE γ  2.4799 2.0747 1.7743 1.5444 1.3638 1.2192 1.1012 1.0037 0.9220 

( )ˆrdSMSE γ  0.9982 1.1601 1.3386 1.5336 1.7451 1.9731 2.2177 2.4789 2.7566 

( ) ( ), 3,2l p =  
         

( )ˆSMSE γ  2.7411 2.7411 2.7411 2.7411 2.7411 2.7411 2.7411 2.7411 2.7411 

( )ˆkSMSE γ  2.2564 1.9060 1.6430 1.4399 1.2793 1.1498 1.0438 0.9558 0.8817 

( )ˆAURESMSE γ  2.6857 2.5650 2.4200 2.2704 2.1254 1.9893 1.8636 1.7486 1.6437 

( )ˆdSMSE γ  0.9480 1.0911 1.2482 1.4194 1.6046 1.8039 2.0171 2.2444 2.4858 

( )ˆAULESMSE γ  1.7427 1.9294 2.1042 2.2633 2.4036 2.5221 2.6166 2.6854 2.7271 

( )ˆPCRSMSE γ  2.0245 2.0245 2.0245 2.0245 2.0245 2.0245 2.0245 2.0245 2.0245 

( )ˆrkSMSE γ  1.7017 1.4684 1.2934 1.1581 1.0512 0.9650 0.8944 0.8358 0.7865 

( )ˆrdSMSE γ  0.8306 0.9259 1.0306 1.1446 1.2679 1.4005 1.5425 1.6938 1.8545 

According to Table 4, it can be observed that, ˆrdγ  is superior over other estimators when 0.4k ≤  and 

ˆrkγ  is superior over other estimators when 0.4k >  under different levels of misspecifications for the 

moderated multicollinearity.  
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Table 5. Estimated SMSE values of the estimators when 50n =  and 0.999.ρ =  

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( ), 5,0l p =  
         

( )ˆSMSE γ  51.028 51.028 51.028 51.028 51.028 51.028 51.028 51.028 51.028 

( )ˆkSMSE γ  10.887 4.772 2.682 1.720 1.198 0.882 0.678 0.537 0.436 

( )ˆAURESMSE γ  25.115 13.338 8.208 5.550 4.001 3.020 2.361 1.896 1.556 

( )ˆdSMSE γ  1.538 3.579 6.485 10.255 14.889 20.388 26.752 33.979 42.072 

( )ˆAULESMSE γ  5.098 10.743 17.486 24.667 31.712 38.137 43.546 47.629 50.167 

( )ˆPCRSMSE γ  40.885 40.885 40.885 40.885 40.885 40.885 40.885 40.885 40.885 

( )ˆrkSMSE γ  8.894 4.010 2.340 1.571 1.153 0.901 0.737 0.625 0.544 

( )ˆrdSMSE γ  1.424 3.052 5.369 8.376 12.071 16.456 21.529 27.292 33.744 

( ) ( ), 4,1l p =           

( )ˆSMSE γ  37.376 37.376 37.376 37.376 37.376 37.376 37.376 37.376 37.376 

( )ˆkSMSE γ  8.270 3.660 2.079 1.351 0.956 0.717 0.562 0.455 0.379 

( )ˆAURESMSE γ  18.933 10.133 6.261 4.250 3.077 2.335 1.836 1.484 1.227 

( )ˆdSMSE γ  1.195 2.698 4.830 7.591 10.982 15.002 19.651 24.930 30.838 

( )ˆAULESMSE γ  3.846 7.989 12.922 18.165 23.303 27.986 31.927 34.901 36.749 

( )ˆPCRSMSE γ  28.121 28.121 28.121 28.121 28.121 28.121 28.121 28.121 28.121 

( )ˆrkSMSE γ  6.383 2.936 1.753 1.208 0.912 0.733 0.617 0.537 0.480 

( )ˆrdSMSE γ  1.090 2.213 3.806 5.869 8.403 11.406 14.880 18.823 23.237 

( ) ( ), 3,2l p =           

( )ˆSMSE γ  24.592 24.592 24.592 24.592 24.592 24.592 24.592 24.592 24.592 

( )ˆkSMSE γ  5.785 2.695 1.631 1.141 0.874 0.713 0.608 0.536 0.484 

( )ˆAURESMSE γ  12.894 7.045 4.447 3.094 2.304 1.805 1.469 1.233 1.060 

( )ˆdSMSE γ  1.022 2.008 3.402 5.204 7.414 10.033 13.060 16.496 20.340 

( )ˆAULESMSE γ  2.783 5.492 8.706 12.117 15.457 18.498 21.056 22.986 24.185 

( )ˆPCRSMSE γ  16.548 16.548 16.548 16.548 16.548 16.548 16.548 16.548 16.548 

( )ˆrkSMSE γ  4.042 1.989 1.282 0.957 0.780 0.673 0.603 0.555 0.521 

( )ˆrdSMSE γ  0.878 1.533 2.460 3.658 5.128 6.869 8.881 11.165 13.721 

According to Table 5, it can be observed that, ˆrdγ  is superior over other estimators when 0.2k ≤  under 

all level of misspecifications, ˆrkγ  is superior over other estimators when 0.2 0.5k< ≤  and ˆkγ  is supe-

rior over other estimators when 0.5k >  under ( ) ( ), 5,0l p =  and ( ) ( ), 4,1l p = , and ˆrkγ  is superior 

over other estimators when 0.2 0.7k< ≤  and ˆkγ  is superior over other estimators when 0.7k >  under 

( ) ( ), 3, 2l p =  for high multicollinearity. 
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Table 6. Estimated SMSE values of the predictors when 50n =  and 0.9.ρ =  

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( ), 5,0l p =  
         

( )ˆSMSE y  5.593 5.593 5.593 5.593 5.593 5.593 5.593 5.593 5.593 

( )ˆkSMSE y  5.486 5.384 5.286 5.191 5.100 5.013 4.928 4.847 4.768 

( )ˆAURESMSE y  5.591 5.587 5.581 5.572 5.561 5.549 5.535 5.519 5.502 

( )ˆdSMSE y  4.777 4.863 4.950 5.038 5.128 5.218 5.310 5.403 5.497 

( )ˆAULESMSE y  5.504 5.523 5.539 5.553 5.565 5.575 5.583 5.588 5.592 

( )ˆPCRSMSE y  25.874 25.874 25.874 25.874 25.874 25.874 25.874 25.874 25.874 

( )ˆrkSMSE y  25.723 25.579 25.441 25.310 25.185 25.066 24.952 24.843 24.739 

( )ˆrdSMSE y  24.754 24.871 24.989 25.110 25.232 25.357 25.483 25.611 25.742 

( ) ( ), 4,1l p =  
         

( )ˆSMSE y  6.630 6.630 6.630 6.630 6.630 6.630 6.630 6.630 6.630 

( )ˆkSMSE y  6.552 6.476 6.404 6.334 6.267 6.203 6.140 6.080 6.023 

( )ˆAURESMSE y  6.629 6.626 6.622 6.616 6.608 6.599 6.589 6.578 6.566 

( )ˆdSMSE y  6.029 6.092 6.156 6.221 6.286 6.353 6.421 6.490 6.559 

( )ˆAULESMSE y  6.567 6.580 6.592 6.602 6.611 6.618 6.623 6.627 6.629 

( )ˆPCRSMSE y  33.292 33.292 33.292 33.292 33.292 33.292 33.292 33.292 33.292 

( )ˆrkSMSE y  33.185 33.083 32.987 32.896 32.809 32.727 32.649 32.575 32.504 

( )ˆrdSMSE y  32.516 32.596 32.677 32.760 32.845 32.931 33.019 33.108 33.199 

( ) ( ), 3,2l p =  
         

( )ˆSMSE y  9.098 9.098 9.098 9.098 9.098 9.098 9.098 9.098 9.098 

( )ˆkSMSE y  9.046 8.996 8.948 8.902 8.858 8.816 8.776 8.737 8.699 

( )ˆAURESMSE y  9.097 9.095 9.092 9.088 9.084 9.078 9.072 9.065 9.057 

( )ˆdSMSE y  8.703 8.744 8.785 8.827 8.870 8.914 8.959 9.004 9.051 

( )ˆAULESMSE y  9.058 9.066 9.074 9.080 9.085 9.090 9.093 9.096 9.097 

( )ˆPCRSMSE y  47.410 47.410 47.410 47.410 47.410 47.410 47.410 47.410 47.410 

( )ˆrkSMSE y  47.351 47.297 47.246 47.199 47.155 47.115 47.078 47.044 47.013 

( )ˆrdSMSE y  47.021 47.059 47.099 47.139 47.181 47.225 47.269 47.315 47.362 

According to Table 6, it can be observed that, ˆdy  is superior over other estimators when 0.4k ≤  and 

ˆky  is superior over other estimators when 0.4k >  under different levels of misspecifications. 
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Table 7. Estimated SMSE values of the predictors when 50n =  and 0.99.ρ =  

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( ), 5,0l p =  
         

( )ˆSMSE y  5.593 5.593 5.593 5.593 5.593 5.593 5.593 5.593 5.593 

( )ˆkSMSE y  4.732 4.113 3.648 3.287 3.002 2.770 2.580 2.422 2.289 

( )ˆAURESMSE y  5.492 5.278 5.022 4.760 4.507 4.269 4.049 3.847 3.662 

( )ˆdSMSE y  2.405 2.660 2.940 3.244 3.574 3.928 4.307 4.711 5.139 

( )ˆAULESMSE y  3.835 4.163 4.471 4.751 4.998 5.207 5.373 5.494 5.568 

( )ˆPCRSMSE y  61.298 61.298 61.298 61.298 61.298 61.298 61.298 61.298 61.298 

( )ˆrkSMSE y  52.787 46.871 42.549 39.277 36.731 34.705 33.065 31.716 30.594 

( )ˆrdSMSE y  31.703 34.003 36.550 39.344 42.386 45.674 49.209 52.992 57.022 

( ) ( ), 4,1l p =  
         

( )ˆSMSE y  4.701 4.701 4.701 4.701 4.701 4.701 4.701 4.701 4.701 

( )ˆkSMSE y  4.067 3.605 3.257 2.985 2.770 2.595 2.452 2.332 2.232 

( )ˆAURESMSE y  4.630 4.475 4.289 4.095 3.907 3.729 3.563 3.411 3.272 

( )ˆdSMSE y  2.319 2.509 2.719 2.947 3.193 3.458 3.741 4.042 4.362 

( )ˆAULESMSE y  3.399 3.643 3.871 4.079 4.262 4.416 4.539 4.628 4.683 

( )ˆPCRSMSE y  64.010 64.010 64.010 64.010 64.010 64.010 64.010 64.010 64.010 

( )ˆrkSMSE y  56.808 51.705 47.932 45.052 42.798 40.999 39.538 38.337 37.336 

( )ˆrdSMSE y  38.302 40.319 42.546 44.982 47.629 50.485 53.552 56.828 60.314 

( ) ( ), 3,2l p =  
         

( )ˆSMSE y  3.971 3.971 3.971 3.971 3.971 3.971 3.971 3.971 3.971 

( )ˆkSMSE y  3.555 3.249 3.017 2.835 2.691 2.574 2.478 2.399 2.332 

( )ˆAURESMSE y  3.926 3.827 3.706 3.579 3.454 3.336 3.226 3.124 3.031 

( )ˆdSMSE y  2.389 2.515 2.654 2.805 2.969 3.145 3.333 3.533 3.746 

( )ˆAULESMSE y  3.114 3.275 3.426 3.562 3.683 3.784 3.865 3.923 3.959 

( )ˆPCRSMSE y  73.059 73.059 73.059 73.059 73.059 73.059 73.059 73.059 73.059 

( )ˆrkSMSE y  66.957 62.569 59.294 56.780 54.806 53.228 51.948 50.896 50.022 

( )ˆrdSMSE y  50.860 52.608 54.537 56.644 58.932 61.398 64.044 66.870 69.875 

According to Table 7, it can be observed that, ˆdy  is superior over other estimators when 0.4k ≤  and 

ˆky  is superior over other estimators when 0.4k >  under different levels of misspecifications. 
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Table 8. Estimated SMSE values of the predictors when 50n =  and 0.999.ρ =  

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

( ) ( ), 5,0l p =  
         

( )ˆSMSE y  5.59 5.59 5.59 5.59 5.59 5.59 5.59 5.59 5.59 

( )ˆkSMSE y  2.18 1.60 1.39 1.29 1.24 1.21 1.18 1.17 1.16 

( )ˆAURESMSE y  3.50 2.43 1.94 1.68 1.53 1.43 1.36 1.32 1.28 

( )ˆdSMSE y  1.26 1.44 1.70 2.03 2.44 2.92 3.48 4.11 4.81 

( )ˆAULESMSE y  1.60 2.10 2.69 3.32 3.93 4.48 4.95 5.30 5.52 

( )ˆPCRSMSE y  397.71 397.71 397.71 397.71 397.71 397.71 397.71 397.71 397.71 

( )ˆrkSMSE y  100.85 55.96 40.67 33.65 29.85 27.56 26.09 25.08 24.37 

( )ˆrdSMSE y  32.48 47.51 68.93 96.73 130.92 171.51 218.48 271.83 331.58 

( ) ( ), 4,1l p =  
         

( )ˆSMSE y  4.50 4.50 4.50 4.50 4.50 4.50 4.50 4.50 4.50 

( )ˆkSMSE y  1.95 1.50 1.35 1.27 1.23 1.21 1.19 1.18 1.17 

( )ˆAURESMSE y  2.95 2.14 1.76 1.57 1.45 1.38 1.33 1.29 1.26 

( )ˆdSMSE y  1.25 1.38 1.58 1.83 2.13 2.49 2.91 3.38 3.91 

( )ˆAULESMSE y  1.50 1.88 2.32 2.79 3.25 3.66 4.01 4.28 4.44 

( )ˆPCRSMSE y  365.55 365.55 365.55 365.55 365.55 365.55 365.55 365.55 365.55 

( )ˆrkSMSE y  102.62 61.05 46.81 40.27 36.73 34.61 33.24 32.32 31.66 

( )ˆrdSMSE y  39.04 52.58 71.81 96.72 127.31 163.59 205.55 253.20 306.53 

( ) ( ), 3,2l p =  
         

( )ˆSMSE y  3.42 3.42 3.42 3.42 3.42 3.42 3.42 3.42 3.42 

( )ˆkSMSE y  1.72 1.42 1.32 1.27 1.24 1.22 1.21 1.21 1.20 

( )ˆAURESMSE y  2.39 1.85 1.60 1.46 1.39 1.34 1.30 1.28 1.26 

( )ˆdSMSE y  1.25 1.34 1.47 1.64 1.84 2.08 2.36 2.67 3.03 

( )ˆAULESMSE y  1.42 1.67 1.97 2.28 2.59 2.86 3.10 3.27 3.38 

( )ˆPCRSMSE y  344.96 344.96 344.96 344.96 344.96 344.96 344.96 344.96 344.96 

( )ˆrkSMSE y  110.64 72.10 58.86 52.78 49.50 47.55 46.29 45.45 44.87 

( )ˆrdSMSE y  51.60 63.84 81.16 103.58 131.09 163.68 201.37 244.14 292.01 

According to Table 8, it can be observed that, ˆdy  is superior over other estimators when 0.2k ≤  and 

ˆky  is superior over other estimators when 0.2k >  under different levels of misspecifications. 
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Table 9. Shrinkage parameter ranges for superior estimators and predictors. 

Different levels of multicollinearity 

0.9ρ =  0.99ρ =  0.999ρ =  

Estimator Predictor Estimator Predictor Estimator Predictor 

For ( ) ( ), 5,0l p =  

ˆdγ  

( )0 0.4d< ≤  

ˆdy  

( )0 0.4d< ≤  

ˆrdγ  

( )0 0.4d< ≤  

ˆdy  

( )0 0.4d< ≤  

ˆrdγ  

( )0 0.2d< ≤  

ˆdy  

( )0 0.2d< ≤  

ˆkγ  

( )0.4 1k< <  

ˆky  

( )0.4 1k< <  

ˆrkγ  

( )0.4 1k< <  

ˆky  

( )0.4 1k< <  

ˆrkγ  

( )0.2 0.5k< ≤  

ˆky  

( )0.2 1k< <  

  
ˆkγ  

( )0.5 1k< <  
 

For ( ) ( ), 4,1l p =  

ˆdγ  

( )0 0.4d< ≤  

ˆdy  

( )0 0.4d< ≤  

ˆrdγ  

( )0 0.4d< ≤  

ˆdy  

( )0 0.4d< ≤  

ˆrdγ  

( )0 0.2d< ≤  

ˆdy  

( )0 0.2d< ≤  

ˆkγ  

( )0.4 1k< <  

ˆky  

( )0.4 1k< <  

ˆrkγ  

( )0.4 1k< <  

ˆky  

( )0.4 1k< <  

ˆrkγ  

( )0.2 0.5k< ≤  

ˆky  

( )0.2 1k< <  

  
ˆkγ  

( )0.5 1k< <  
 

For ( ) ( ), 3,2l p =  

ˆdγ  

( )0 0.4d< ≤  

ˆdy  

( )0 0.4d< ≤  

ˆrdγ  

( )0 0.4d< ≤  

ˆdy  

( )0 0.4d< ≤  

ˆrdγ  

( )0 0.2d< ≤  

ˆdy  

( )0 0.2d< ≤  

ˆkγ  

( )0.4 1k< <  

ˆky  

( )0.4 1k< <  

ˆrkγ  

( )0.4 1k< <  

ˆky  

( )0.4 1k< <  

ˆrkγ  

( )0.2 0.7k< ≤  

ˆky  

( )0.2 1k< <  

  
ˆkγ  

( )0.7 1k< <  
 

 
outperform the other estimators when moderated and high multicollinearity ex-
ist for selected values of shrinkage parameters, respectively. It can also be noted 
that, the predictors based on the LE and RE are always superior to the other pre-
dictors for selected values of shrinkage parameters when multicollinearity exists 
among explanatory variables. 

One of the limitation of this study is that we assume the error variance is 
equal for all models even when the variables are omitted from the model. 
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Appendix 

Lemma 1: (Baksalary and Kala [23]) 
Let 0B ≥  of type n n×  matrix, b  is a 1n×  vector and λ  is a positive 

real number. Then the following conditions are equivalent. 
i) 0B bbλ ′− ≥  
2) 0B ≥ , ( )b B∈R  and 1 1b B b−′ ≤ , where ( )BR  stands for column space 

of B and 1B−  is a independent choice of g-inverse of B. 
Lemma 2: (Trenkler and Toutenburg [24]) 
Let 1̂β  and 2β̂  be two linear estimator of β . Suppose that ( )1̂D D β=

( )2
ˆD β−  is positive definite, then ( ) ( )1 2

ˆ ˆΔ MSE MASEβ β= −  is non negative 
if and only if ( ) 1

12 21 1b D b b b−′ ′+ ≤ , where ( )ˆ
jD β , ( )ˆ

jMSE β  and jb  denote 
dispersion matrix, mean square error matrix and bias vector of ˆ

jβ  respectively, 
1, 2j = . 

Lemma 3: (Wang et al. [25]) 
Let n n×  matrices 0, 0M N> ≥ , then M N>  if and only if * 1λ < , where 

*λ  is the largest eigenvalue of the matrix 1NM − . 
 

Table A1. Expectation vector, Bias vector and Dispersion matrix of the estimators. 

Estimators ( )( )ˆ
jE γ , ( )( )ˆ

jBias γ  and ( )( )ˆ
jD γ  

RE ( )ˆkγ  

( ) ( ) ( )1 1ˆkE kI Zγ γ δ− − ′= Λ + Λ + Λ  

( ) ( ) ( )1ˆkBias kI Z kγ δ γ− ′= Λ + −  

( ) ( ) 22ˆkD kIγ σ −
= Λ + Λ  

AURE ( )ˆAUREγ  

( ) ( )( )( )22 1ˆAUREE I k kI Zγ γ δ− − ′= − Λ + + Λ  

( ) ( ) ( )( )2 2ˆ 2AUREBias kI kI Z kγ δ γ− ′= Λ + Λ + −  

( ) ( ) ( )4 22ˆ 2AURED kI kIγ σ −
= Λ + Λ + Λ  

LE ( )ˆdγ  

( ) ( ) ( )( )1 1ˆdE I dI Zγ γ δ− − ′= Λ + Λ + + Λ  

( ) ( ) ( ) ( )( )1 1ˆ 1dBias I I d Z dγ δ γ− − ′= Λ + + Λ − −  

( ) ( ) ( )2 22 1ˆdD I dIγ σ −−= Λ Λ + Λ +  

AULE ( )ˆAULEγ  

( ) ( ) ( )( )( )2 2 1ˆ 1AULEE I d I Zγ γ δ− − ′= − − Λ + + Λ  

( ) ( ) ( )( )( ) ( )( )2 21ˆ 2 1AULEBias I d I I d Z dγ δ γ− − ′= Λ + Λ + − + Λ − −  

( ) ( ) ( ) ( )( )24 22 1ˆ 2AULED I dI d Iγ σ − −= Λ + Λ + Λ + − Λ  

PCRE ( )ˆPCRγ  
( ) ( )1ˆPCR r rE T T Zγ γ δ−′ ′= + Λ  

( ) ( ) 1ˆPC r rR r rBias T T I T T Zγ γ δ−′ ′ ′= − + Λ  

( ) 2 1ˆPCR r rr rD T T T Tγ σ −′ ′= Λ  

r-k class estimator ( )ˆrkγ  

( ) ( ) ( )1 1ˆ rrk rE T T kI Zγ γ δ− −′ ′= Λ + Λ + Λ  

( ) ( )( ) ( )1 1ˆ r rrk r rBias T T kI I T T kI Zγ γ δ− −′ ′ ′= Λ + Λ − + Λ +  

( ) ( ) 22ˆ rrk r r rD T T kI T Tγ σ −′ ′= Λ + Λ  

r-d class estimator ( )ˆrdγ  

( ) ( ) ( )( )1 1ˆ rrd rE T T I dI Zγ γ δ− −′ ′= Λ + Λ + + Λ  

( ) ( ) ( )( ) ( ) ( )1 1 1ˆrd r rr rBias T T I dI I T T I I d Zγ γ δ− − −′ ′ ′= Λ + Λ + − + Λ + + Λ  

( ) ( ) ( )2 22 1ˆ d rrr r rD T T I dI T Tγ σ − −′ ′= Λ + Λ + Λ  
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