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PHASE SPACE ERROR CONTROL WITH VARIABLE TIME-STEPPING
ALGORITHMS APPLIED TO THE FORWARD EULER METHOD FOR

AUTONOMOUS DYNAMICAL SYSTEMS

R. Vigneswaran? | S. Thilaganathan®

ABSTRACT

We consider a phase space stability error control for numerical simulation
of dynamical systems. Standard adaptive algorithm used to solve the
linear systems perform well during the finite time of integration with fixed
initial condition and performs poorly in three areas. To overcome the
difficulties faced the Phase Space Error control criterion was introduced.
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CORRESPONDENCE

A new error control was introduced by R. Vigneswaran and Tony
Humbries which is generalization of the error control first proposed by
some other researchers. For linear systems with a stable hyperbolic fixed
point, this error control gives a numerical solution which is forced to
converge to the fixed point. In earlier, it was analyzed only for forward
Euler method applied to the linear system whose coefficient matrix has
real negative eigenvalues. In this paper we analyze forward Euler method
applied to the linear system whose coefficient matrix has complex
eigenvalues with negative large real parts. Some theoretical results are
obtained and numerical results are given.
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1. INTRODUCTION

Variable time stepping methods are often used to solve the dynamical systems defined by autonomous initial value ordinary differential
equations:

y(0)=y’eR", (1.1)

where f :R™ — R™ is assumed to be Lipchitz continuous. It is globally accepted that efficient algorithm must be adaptive; that is, the

step-size must be varied according to some error measures. In contrast to the fixed step-size case, a dynamical system oriented theory
for variable step-size algorithm is far from complete. Only the standard adaptive algorithm performs well during finite time integration with
fixed initial conditions and it is observed that typical adaptive algorithm fails or shows poor behaviour in three areas. Many researchers
analysed and found those areas and contributed as research articles.

The first area is in spurious fixed points, was identified in [1]; it was shown that most of adaptive explicit Runge-Kutta methods admit
stable spurious fixed points for arbitrary small tolerances. The second area is around fixed point. It was analysed and proved in Hall [3],
that the standard adaptive algorithm fails to provide the correct dynamical system in this very simple and important scenario. Clear
illustration was given in [4]. The third is identified near saddle points. The standard adaptive algorithm performs poorly near saddle points.
It is clearly illustrated in [4] that a chaotic attractor it is often the unstable manifolds of the fixed point lead the flow on the attractor. The
numerical solution will thus only be given good approximation to the flow on the attractor if it directs the unstable manifolds well. To do
this it must produce a good approximation to the local unstable manifolds. Those three poor behaviours of standard algorithm will lead to
the introduction of a new phase space error control.

Next, now we describe the standard error control which performs poorly near fixed points as mentioned above. In order to state precise
results we focus on the embedded Explicit Runge-Kutta (ERK) pairs. Further details of these methods can be found for example in [2, 7].
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Let t, denote a sequence of (unequally spaced) grid points in time and let Y, denote an approximation to y(t,) . Given Y, and a step-
size h =t —t, ,the ERK pair is defined by

i-1
Y, =y, +h > a f(Y,)l<i<s, (1.2)
j=1
Yo = Yo +0, DB F(Y), (1.3)
i=1
yn+1:yn+hn26if(Yi) . (14)
i=1

Here { &; ,bi ,Bi }for 1<i<s and 1< j<i—1 are the coefficients of the formula pair and )NI,M is a subsidiary approximation that is

used for error control. If VM is a lower-order approximation than Y, , then the pair is said to be operating in extrapolation mode.

In the typical local error control, the difference Y, — }N/M yields an estimate of the local error control which can be used to alter the step-

size during integration. An estimate of the local error control is bounded at each time—step by a user-defined tolerance 7 which allows
the step-size to either increase or decrease over the next step. Let

E(Yyh) =7 (¥ = ) 15)

be an approximation to the local truncation error over a step with o = O (Error-per-step (EPS)) or with o =1 (Error per unit step
(EPUS)). The error estimate || E(y,.h,)| is used for two purposes, error control and step- size selection. For both cases (EPS &EPUS),

the step size hn is chosen at each step such that
IE(Y,. M) < 7, (1.6)

where 0 <7 <<1 . In this case an approximation Y,,,; is regarded as acceptable, otherwise the step-size is rejected and re-computed
with a smaller step-size until the constraint (1.6) becomes true. The standard formula for next step is

hn+1 = [j/—rj}/q hn ) a.7
IECY,: D)l

where § is the largest integer such that || E(y,,h, ) |=O(h%) .
So, §=min(p,q)+1- p.The constant safety factor y < (0,1) is included to avoid rejecting too many steps.
2. PHASE SPACE ERROR CONTROLS

Higham et al. [4] proposed the Phase Space (PS) error control given by

1 1
yn+1 - yn _E hn (f (yn+1) + f (yn )) < Egohn " f (yn+1)+ f(yn)" 1 (21)

where ¢ < (0,1) is a constant.

The new error control, the Phase Spaceﬁ, (PS,) error control was introduced in [5]. In this error control, the numerical solution {yn}(::0
satisfies the error constraint

||yn+l Yo~ hn [(1_9) f (yn) +0f (yn+1)]|| < whn ” (1_9) f (yn) +0f (yn+1) ” ) (2.2)
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at every step, where ¢ € (0,1) is a user defined parameter akin to tolerance, and € € (0,1] is also a parameter to be chosen. This is a

1
generalization of the PS error control introduced in [4], which is corresponded to (2.2) with & = E It was seen in [5] that this error control

automatically controls the step- size relative to the stability limit.

In [6], the behaviour of the forward Euler method under PS, error control (2.2) when applied to the linear system

Y, =AY, y(0)=y’ eR", (2.3)

with the real mxm matrix A was discussed when the eigenvalues of A are real and negative. When the forward Euler method is applied
to the above system (2.3), the numerical solution {y"} evolves according to

y" =R(h A)Y", (2.4)
Where R(h,A) is the stability polynomial matrix given by
R(h,A)=1+hA. (2.5)

With (2.4), the PS, constraint (2.2) becomes

[REWA) 10, [0 A+ OARM AN < o, [2-6) A+ OAR(h, ALY 2.6)
for any vector norm |[|.||.

Tony Humphries and Vigneswaran [6] established the following theorems and confirmed these by numerical experiments.
Theorem 2.1

Consider the forward Euler method under PS,, error control (2.2) in ||.||, with ¢ < % applied to the system

Vo=nY,  A=Diag[hdnd) 4 <0¥ yO=y ew @)

with 4, <4, <...<4,, <4, <0, and the initial conditions satisfy
y(0) =[y,’,---y,°1eR"withy 0. Then | y"|,—0 as n — oo with the following:

1. y," — 0 Monotonicallyas N — oo ;

od+¢) A, then y" —0 and yin

3. If M,{m > A >|:M_1},1m,
(4 (4

2.1f 4 >

— 0 both monotonically ash — o ;

n
then y" —0 and y—'n —0 asn—>x;

m

4. For all remaining components of y" we have y" —>0

¥

m

<—(/7 )
g_ 9%

1+¢
5. Let 6, be the angle between y" and[0,0,...0,1] € R". Then

as N — oo with limsup

n—ow

2
liminf cos 6, > _ 21—%(m—1)%+0(<p3).

18



These results were extended to arbitrary norms and to non-diagonal linear systems in the following theorem.

Theorem 2.2
Consider the forward Euler method under PS, Error control (2.2) with sufficiently small ¢ applied to the linear system (2.3) where the

matrix A is diagonalizable with negative real eigenvalues 4,i=1,2,...,m satisfying 4, <4, <...< A, ; <4, <0.Then || y" >0 asn —>

The step- size selection strategies used in [4, 5] were not entirely satisfactory.

Tony Humphries and Vigneswaran [6] introduced a new step-size selection strategy based on the step-sizes derived from the standard
error control and PS, error control respectively. It was also shown in [6] that the step-size tends to a constant value when PS,, constraint
applied to the initial value problem (1.1).

Now we focus on the forward Euler method under PS, error control (2.2) when applied to the linear system

Y, = Ay, y(0)=y’eC", (2.8)

with M XM matrix A having complex eigenvalues with negative real parts. We confirmed the results in [6] for matrix A having complex
eigenvalues with negative real parts. The same step-size selection strategy is applied which was introduced in [6].

3. LINEAR SYSTEMS WITH COMPLEX EIGENVALUES

In [8], the results obtained for the linear systems with real and negative eigenvalues in [6] were confirmed by numerical exp eriments for
the linear systems whose eigenvalues are complex with negative real parts.

The following lemma establishes algebraic inequalities which will be essential in the proof of our main result.
Lemma 3.1
Suppose 6 € (0,1], ¢ € (0,1),k > 0 > Re(A,,) and

_ 1 0(1+¢)
Re(Am) P ’

(3.1)
then
(L+2kORe(4,,) + k?6?| 2, )p? <k?6?| 2, [ (3.2)

And

S @+ Re() +Re(n)? + (1= 9D Im(An)?] < k. (3.3)

Proof:

Letd,, = apm + ifpm. If 1+ 2kba,, <0, then (3.2) holds trivially for any, @€ (0,1). Moreover in this case

01+ @)
Ry S0 <T

so (3.1) holds. Suppose now that 1+ 2k 8 a,,, >0. Then -(1+1/kBa,,))>1 and hence (3.1) implies that

(p<—1+11 <1 and

k6am
k? 0%a,?
(Pz < —— T "m
142k 0 am+k? 0%2ay,?

(3.4)

Also, 1 + 2k 6 a,,, >0 implies that
(1+ 2k 8 Re(Ay,) +k? 62| Dam?<(1 + 2k 0 apy +  k? 62ap,2)| A |?

and combining this with (3.4) implies (3.2). Thus we have established (3.2) in all cases. Now (3.2) implies that
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k% (1-9*)8%|Am|?
@2

1< -2k6a,+ )
and multiplying by (1 — ¢?)| 4,,| and rearranging,

@, +(1=p")p,’ < p'a,’ ~2ba, (-¢")| 4, |
L KQ-p0 14, I

2

@
Taking square roots and rearranging implies (3.3).

Theorem 3.2

Consider the forward Euler method underPSy error control (2.2) in ||.]l, ,where ¢ €(0,1) satisfies

applied to the system
Y, =AY, A=Diag[4,4,...4,] y(0)=y eC",

where Re(4;)< 0 and |Im(4;)| < |Re(1;)] for all i = 1,2,...,m and the initial condition satisfies ym0 =0 .

Let H;: gm0 + Re(h) +y/(Re(1))? + (1= 9B (Im(2))? ]

and order the eigenvalues so that H,, = Hp,_; = ...2H,;=0. Then |[y"||. — 0 asn — oo with:

1 |ym“ — 0 monotonically as N — oo ;
n
2. It A4 #4, and 0>Re(4) > 8d+g) Re(4,) . then|y" |->0and y—‘ﬂ—)O both monotonically as N — o
w m
n
3. Ifo> |4i]* S 0(1+¢) Re(1,,) then |y,n —0 and y_i_>0 both monotonically as N —> oo ;
2Re(%;) 1) i ymn

4. For all remaining components of y", we have | yi” |->0 as n— .
Proof:

For the system (3.6) the stability polynomial matrix R(h,A) =1+h_ A is a diagonal matrix which is expressed as
R(h,A) = Diag[l+h A4, 1+h 4,,...1+h 2 ].

With the oo-norm”'Hw , from (3.7) and (2.6) we have

_thzﬂ‘lz yln ﬂ1(1+ ehnﬂl)yln
_thzﬂ“zz y2n /’)’2 (1+9hnﬂ’2)y2n

< ph,
o222y, | 2@+ 0 2)y," ||

This implies h,0| 4%y" [< | 4 @+04h) || y," |

for at least one i e{L,2,...,m} and hence

(3.5)

(3.6)

(3.7)

(3.8)

20



h?6” | 47 < ¢” |1+ 04N, [P (3.9
Let 4, =a; +if . Then (3.9) is equivalent to h *6* (e + B%) < o’ [(1+6e;h,)* +(h,63)]. Rearranging as a quadratic in h, we see that
i" condition holds if and only if.

A PO ey Y

h<H=—5"——-

9(1_¢72)(0’i2 +ﬂi2)
Since ateach step h, <H, <H_ forsomeie{L,?2,...,m}, it follows that h, < H_ for every step h, satisfying PS, error constraint (2.2),
and so (3.9) is satisfied with i = m at every step.

Note that for the forward Euler method R(h,4)=1+h Aandso |R(h,4)I<1 if and onlyif h, < —(22% and Re(R(h,4)) >0 if
o’ + B

and only if h, <—i . But the assumption | B | <| ¢, | implies that- X < 2% hence if h, s-i then |R(h,4)|<1 and
& =7 (& +57) Q;
Re(R(h,4))>0.
Now we establish (1)-(4)
. . o oL+ ) ) 1 .
1. The inequality (3.5) implies that ———~ >1, thus we can apply Lemma (3.1) with K = ——— and (3.3) implies that
4 O
1 2ay,
h, <Hp, <-—<-——"—forall n>0and the result follows.
m am + Pm
. . 1 1 . n .
2. Applying Lemma (3.1) with k =—— we conclude that h, <H, <——forall n>0, and it follows that ‘yi ‘—) 0 monotonically as
ai ai
n
n — oo . To show that Y —|— 0, consider
Ym
Al L ea+e)
> ai > am.
2¢ 1)
This implies
2
am2 S oL+ ) ZamZ a_iz S aiz (3.10)
e N I
202
Since M>1 and Lmzzl.
4 |
Thus
2 2 2
(am =i A" > et (|4 =|m ") (3.10)

Now there are two cases to consider.

@). it |4[? > 4| then (3.11) implies
z(fm _aiz) > _20;‘ >h .
(14F -1 F) 1]
This implies 2(02(”‘ — aig > h
(1417 =12 l?)
That is, 2t =) > |4 ~| )
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This implies,

20, (e =) > 12 |4 =)

By rearranging the components and adding 1 on both sides, we get
1+2h o + 2|4 |2 >1+ 20 + 0 Ay |2 .

Thus

[R(hnA)I? = (1 + hnay)® + W32 < (1 + hnam)® + R = IR (hudm)|?

(0). If %[ <|4,|" then (3.10) implies

O Q; Q; Lo

> > . This impliesa,, > «, .
il VAL s
Thus

[R(hpA)1? = 1+ 2hya; + h2| ;1% < 1+ 1+ 2hyap, + R2| A |2 = |R(hpdm) |2

Yin

Y

In both cases — 0 and hence the result follows.

. . 2a, 2¢, . n
3. Applying Lemma (3.1) with k = _W , we conclude that h, <H_ < D forall n>0 and it follows that | ;" | >0

2
i i

monotonically as N —> o0 . The proof of

n
Ln —> Oas n— wis the same as in part (2).
Ym
2
4. For all remaining components, 0>MRE(4 ) > |41 >Re(4) -
0 """ 2Re(4) !
. 1
If the i" index of the constraint (3.8) fails, then H <h < HJ. . Bythe Lemma (3.1) with m=j and k=-—,
a;
) 2,
we obtain H; <h <H, <-———.
a; +,Hj

For all remaining components, |y," >0 as N — o as in the proof of part (2).
Remark: These results are extended to arbitrary norms and to non-diagonal linear system in the following theorem.
Theorem (3.3)

Consider the system (3.6) where Re(4;) <0 and there exists C >1 such that |Im (A)[?> <C |Re (A)[? for all i=1,2,...,m and the initial

conditions satisfies y,?] # 0.under the numerical approximation by the forward Euler method with PS,

Error control (2.2) in ||.]|- where ¢e(0,1) satisfies

26
1+C-26"

9 < (3.12)

Let H; :=0(1—¢2)1I2{¢Re(/1i)+\/Re(ii)2 +(1—¢)2)Im(ﬂi)2:‘ and order the eigenvalues sothat H, >H_;>...>2H; >0.
A4

n

Then ||y

— 0 as N — oo with:
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1. |ym” — 0 monotonically as n — o ;
ol+o) n yi' ;
2. If 4#2,and 0>Re(4)>———""Re(4,) ,then|y" |>0and |- 0 both monotonically as h — o
14 m
n
3. 1fo> % > @Re(lm) then |yin —0 and y—‘n—>o both monotonically asn — o ;

m

4. For all remaining components of y", we have | yi” | >0 as n— .
Proof:
Follow the theorem (3.3) to establish that h,, < H,, for every step h, satisfying PS, error constraint already defined. Now establish (1).

1. Equation (3.12) implies that
20(1 +

B2 < Ca? < {(T(p)— 1j aZ,

Hence

Anl? _ 601+ 0)
20, @

2am
[Am?

2am,
[Am]?

Thus we can apply the lemma (3.1) with k = to deduce that h, < H,, < — which implies that |R(h,, 1,,)| < 1 for alln > 0, and

the result follows.

2. Equation (3.12) implies that

20(1+
B < Ca? < {M— 1J 2,
¢
Hence
|4:]? < (1 +¢)
2a? ®
Thus we can apply the lemma (3.1) with k = Ij“l‘z to deduce that h,, < H,,, < —li% which implies that |[R(h,, 4;)| < 1 for alln > 0, and the

W
Yo
3. ltis similar to the proof of the above part (2).

4. For all remaining components of y™, if the i*" condition of (3.9) fails then j* component of right hand side as follows H; < h,, < Hj ,

That is

result | y." |- 0 and the proof of — 0 is the same as in the part (2) of the theorem (3.2).

2 2

{29(1 +o) 1] o2
jr

112 L0+ )
20} @
Hence the result follows as the above part(1).
Remark: These results are extended to arbitrary norms and to non-diagonal linear system in the theorem.

Theorem (3.4)
Consider the forward Euler method under PS, error control is defined with sufficiently small ¢ applied to the linear system
Yo = Ay,

where the matrix A is diagonalizable with complex eigenvalues 4;, i=12,...,m satisfying Re(4) <0 and |Im(/1i )| <|Re(/11- )| for all

i=12,...,m and the initial condition satisfies y?n #0.
23



Let

-0

00

yn

i ::%[nge(ﬂj)ﬂ/Re(ﬂi)z +(1-¢?) Im(ﬂi)z} and order the eigenvalues so that H, >H,_;>...>H; >0.Then
0-¢") |
as N— .
Proof:

Since the matrix A is diagonalizable, there exists a non-singular matrix P such that P~1AP = D a diagonal matrix whose diagonal entries
are A4, 4y, ... A, then the stability polynomial matrix R(h,, A) = I + h,A satisfies

P R(hy,, AP = Diag[1 + hyAy, 1 + hphy, ..., 1 + hyhy] = R(h,,D)(Say) (3.13)
With [|R(hnA) — I — hyp[(1 — 6)A + OAR(h, A)]y™|| < @hy||[(1 — 0)A + OAR (R, A)]Y™|

Becomes

[IP{R(hn,D) — I = hy[(1 = 6)D + 6DR(h,D)}z" || < @hy|I{P[(1 — 6)D + 6DR(h,D)]}z" ||, (3.14)
Where z" = P~1y™ Now we define new norm ||. || by

llxll> = llxPll, Vx € R™ (3.15)
With this norm, the constraint (3.14) becomes

[{R(hnD) = I = hn[(1 = 0)D + 6DR(hyD)}2"||p < @hn|{[(1 — 6)D + 6DR(h,D)1}z"||p (3.16)
Since the norms are equivalent on finite dimensional linear space, 3c;, ¢, > 0 such that

allxlle < lixllp < c2llxlle, Vx € R™ (3.17)

By combining (3.16) and (3.17), we obtain

[I{R(hyD) — I — hy[(1 — O)D + 6DR(h, D)}2"| |0 < @hy||{[(1 — O)D + 6DR(h,D)]}z"|| o (3.18)
—Oh22227 M1+ 04, h,)zR
—6h2 22z} A, (1 + 62,h,) 27
' < ¢1hn I
—onzaz,znlll A (1 + 02 hy) 20

Where ¢, = ¢ (2—2) (< 1 for sufficiently smallg). This implies that at least one of the following
1
ha02212] | < =1 i|1 + 04ihyllz]", i=12,..,m (3.19)

Must hold. Since ¢ is sufficiently small, we can choose ¢ so that ¢ < Z—lﬁ.
L (1=

oo, This implies that [|y™]] — 0 as n — oo for any norm |[. || since y™ = Pz™ and P is non-singular.

Hence by theorem (3.2), we obtain that ||z"|| — 0 asn —

4. NUMERICAL RESULTS

We consider the forward Euler (RK1(2))method applied to the system

-3 -1fvy
Y ={ 1 _3:|:yl:| . y=[y1i3/2]T and

y(0)=[0.9 10]". The above matrix has eigenvalues —3+i. A typical standard algorithm as defined in introductory section with

7 =107 produces the dynamics is in Figure 1.
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} RK1(2) with Standard for Complex eigenvalues with negative real part
10 T T T T T T T

—— Iy,
— oI

LI B B B A 2

T

10°

T T T

abs(y,)

lO'7 iy

-8

10 r r r r r r
-0.02 -0.015 -0.01 -0.005 0 0.005 001 0.015 0.02
abs(y,)

Figure 1. Numerical solutions of standard algorithm near stable fixed point for RK1(2) having complex eigenvalues.

In Figure 1 numerical solution is little deviated from the fixed point. It is not possible to converge the solution towards the fixed point. If
we apply the RK1(2) method with combined PS, error control and standard error control and ¢ = 0.1, we obtain numerical solution in
Figure 2, where we can see how numerical solution converges to fixed point.

RK1(2) with PSe & Standard for Complex eigenvalues with negative real part

T T T T T T T T T

10° - //—/—

R
el — ol

N

>

3

< 10-15 L i
10-20 L i

25 r r r r r r r r

10
01 -008 -0.06 -0.04 -002 0 0.02 004 006 008 01
abs(y,)

Figure 2. Numerical solution using RK1(2) combining with ps, augmented algorithm near a stable fixed point

Figure 3 shows the step-size sequences used by two algorithms. Some step-sizes rejected in standard algorithm whilst the PS, algorithm
has no rejections and quickly converges to a constant value.
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RK1(2) with PS0 & Standard for complex eigenvalues with negative real part

101 E T T T T T T T T
[ . o . .
0 ° N » l\:‘ 0 ' \ |
10 ¢ { O : . o o 1
= [ ] N LN
L J l;:..' l\. .,t .‘.’. L |
[ ]
[ ]
10-1 £ S E
L
%]
e [
2 .
2 2
10 e F’Se & Standard 4
5 ~o— Standard 3
Y O  Rejected hn for Standard
10° ]
10'4 r r r r r r r r r

0 2 4 6 8 10 12 14 16 18 20
t

Figure 3. Step-sizes used by the standard and ps, augmented algorithms

5. CONCLUSION

In this research we analysed Phase space error control for forward Euler method applied to the linear systems whose coefficient matrix
has complex eigenvalues with negative real parts and it is shown numerical solution forced to converge to the fixed point.

We will analyse the Phase space error control for s-stage general explicit Runge-Kutta methods applied to the linear systems whose
coefficient matrix has real and negative eigenvalues in the forthcoming paper
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